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Abstract. This paper presents a theoretical framework of repetitive structures and
illustrates its potential for the design and construction of strained gridshells.
Throughout the history of architecture, the use of repetitive building parts has
been a key goal to simplify fabrication, ease construction, and save costs and
time. This may be achieved by laying identical bricks or using identical ball
joints, dividing a sphere into congruent triangles or rationalizing a curved façade
to only use planar glass panels. In any case, using repetitive parts inevitably effects the overall shape and layout of a structure.
In geometry the term “repetitive” is used to describe congruent elements, such
as nodes, edges or faces, within a network, while an architectural structure aims
at identical building parts to achieve repetition. These two perceptions do not
always coincide: In practice, adjustable joints, tolerances or deformation allow
the use of repetitive parts, even for geometrically variable elements.
The following paper combines insights from differential geometry and building construction to create a holistic theory of “repetitive structures” considering
both the geometric and constructive parameters. This theory offers more than an
analysis of existing structures. Through computational design we can systematically investigate the morphology of repetitive networks, define parametric relationships, identify fundamental principles of form and deduce parameter combinations for future designs.
Keywords: Gridshells, Repetition, Construction-Aware Design.

Fig. 1. Repetition has been a driver in the design of gridshells, producing a variety of repetitive
structures. Understanding their geometric and constructional principles helps us to actively seek
repetition and find new design solutions.
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Introduction

1.1

Motivation and Content

With the technological advances in both 3D modelling and fabrication, it is possible to
design and construct any arbitrary shape or structure. Any surface can be subdivided
into unique joints, beams and panels, which are then individually manufactured, labelled and assembled. The question arises: Why bother rationalizing or analyzing the
geometry of a design?
Understanding the complexity of a spatial network not only offers simplification of
the construction with substantial cost savings. Foremost, it gives the architect the control over his or her design: Being aware of the dependencies of shape, segmentation and
building part lets us decide what rationalizations are most effective, which topology
might be beneficial, and which tools to use for fabrication. Moreover, combining geometric expertise with the knowledge of material behaviour and constructional practice
helps us find new construction-aware design methods to create a symbiosis of form and
support structure (Schling 2018).
The following paper combines geometric and constructive parameters to create a
holistic theory of “repetitive structures” (Fig. 1). This theory offers a meaningful analysis of existing gridshells, such as the Netzschale in Neckarsulm or the Multihalle in
Mannheim. Furthermore, we can systematically investigate the morphology of repetitive networks, identify principle relationships of form and structure and develop new
design strategies.
1.2

Repetition

Repetition has been a driver for in both geometric research and architectural construction. While geometric publications investigate congruent geometric entities, architectural projects aim to produce identical building parts. These two perceptions don’t always coincide.
In their review on architectural geometry, Pottmann et al. (2015) address repetition
as an autonomous topic of geometric research. The paper introduces important strategies and categories of repetition and gives a short overview of structures which achieve
repetitive elements with respect to nodes, edges and faces.
In his book on form, topology and structure of shells, Schober (2016) describes an
equilateral, quadrilateral net, which, “despite its double-curvature, consists of only
identical parts”. When looking more closely, we find that the repetition of edge beams
is owed to the repetitive geometry, the repetition of joints, however, is achieved through
an adaptable hinged construction detail.
In both publications, repetition is understood with respect to elements, not parameters. To enable a holistic analysis and design of repetitive structures, we will differentiate geometric parameters and constructive criteria within the following theoretical
framework.
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Theoretical framework

In order to classify and quantify repetition within double-curved networks, a novel theory is created which considers both geometric parameters and constructive criteria. The
framework is used in subsequent investigations to analyse and design repetitive structures.
2.1

Geometric parameters

The segmentation of a surface results in three geometric entities: nodes, edges and
faces. Each entity is defined by a combination of parameters. Additionally, we distinguish between smooth and discrete segmentations as they lead to varying parameter
sets (Fig. 2). The parameters are described and illustrated for quadrilateral networks, as
these are of predominant interest for this research. We deduce a standard set of parameters to explain the geometric effects of repetition (Fig. 3). Other dimensions, such as
the thickness of a profile or the diameter of a joint, are not relevant for this comparison.

Fig. 2. A design surface can be segmented into smooth or discrete segmentations. Many built
structures use hybrid, semi-discrete solutions to combine the benefits of both worlds.

Smooth segmentations. Smooth quadrilateral segmentations consist of two families of
smooth continuous curves, which lie on the design surface.
The nodes are traversal and locally planar and can simply be described by their intersection angle ι (Fig. 3, left). The edge length l is measured along the edges from node
to node. The curvature of the edges is differentiated into the normal curvature kn, geodesic curvature kg, and geodesic torsion g (Fig. 3, middle), all of which are measured
in relation to the surface normal (Tang et al 2016).
Describing the geometry of faces of a smooth network is complex. In order to detect
repetition, we solely compare their outer shape S and Gaussian curvature K (Fig. 3,
right).
Discrete segmentations. In a discrete mesh, all edges become straight lines without
curvature, thus shifting the complexity to the nodes. We can define three node angles
(Fig. 3, left) which are directly related to the three curvatures of a respective smooth
segmentation. They are measured in relation to the node axis and its corresponding
tangent plane (Schober 2002):
 The normal angle  measures the deviation of each edge from the tangent plane at
the node. It is related to the normal curvature of the network.
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 The geodesic angle  measures the deviation of each edge from a traversal node
within the tangent plane. It is related to the geodesic curvature of the network.
 The torsion angle  measures the deviation of subsequent node axes within the normal plane of their connecting (straight) edge. It is related to the geodesic torsion of
the network.
Together with the initial intersection angle ι there are four independent angles that illustrate the behavior of a discrete node.
A common topic of investigation is the planarity of faces, which is measured as the
deviation of surrounding nodes from a plane. If P = 0, the face is planar.

Fig. 3. The node, edge and face geometry of any segmented surface are defined by sets of parameters. While in smooth segmentations the curvature is measured at the edges, in discrete segmentations this complexity is taken up by additional node angles.

Combined parameters. Many built structures combine characteristics of both
smooth and discrete segmentations. The complete set of parameters will be used in
the following investigations to analyze repetitive nodes, edges and faces. The parameters are listed in a standard table (Table 1):
Table 1. This standard table of parameters lists all ten parameters for smooth and discrete segmentations. It is used to analyze repetitive structures and assign constructive criteria.
NODE




EDGE




l

kn

kg

g

S

FACE
K/P

Dependencies of curvature and node angle. Within smooth segmentations, the curvature is continuously measurable along the edges, while within a discrete segmentation the curvature is concentrated at the nodes. The three curvatures and respective
node angles are related. The dependencies can be described by the “formula for discrete curvature” (Pottmann et al. 2007, p. 227).
 Normal curvature kn is related to the normal angle  with respect to the corresponding edge length.
kn ≈

2 sin α
l
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 Geodesic curvature kg is related to the geodesic angle  with respect to the corresponding edge length.
kg ≈

2 sin β
l

 Geodesic torsion g is related to the torsion angle  at the node with respect to the
corresponding edge length.
τg ≈
2.2

γ
l

Constructive criteria

Apart from the geometric parameters listed in 2.1, the repetition of building parts is
dependent on three constructive criteria: tolerances, hinges and deformation (Fig. 4).

Fig. 4. Constructive criteria: A variable geometric parameter may be built with repetitive elements if one of the three criteria, tolerances (left), hinges (middle), or deformation (left) are used.

Tolerances. Some degree of tolerance is incorporated in every construction to provide
clearance between parts. This accounts for the movement of the structure or allows for
variable precision in fabrication and assembly. These tolerances can be deliberately
increased to reduce the variety of individual parts. While nodes and edges require more
precise fabrication, tolerances are used extensively to allow for repetitive façade panels.
Some façades use large elastic seams or even a separate substructure to enable a substantial tolerance and achieve repetitive or planar panels.
Tolerances allow a variation of the specific length or shape parameter (Table 2). Identifying the magnitude of a tolerance provides an important insight into the design and
construction process.
Hinges. Hinges are used primarily to enable a specific structural behavior without restraints and avoid undesired bending moments in beams. They also allow for an individual adjustment of joints to a variable node geometry.
Hinges allow a variation of a specific angle parameter (Table 2). The type and magnitude of each angle give valuable insight into the specific detailing of a joint.
Deformation. ‘Deformation’, in this context, refers to a deliberate elastic bending or
twisting of a beam or panel, with the goal to simplify the construction process. Other
deformations caused by self-weight or external loads are referred to as ‘deflections’.
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Deformation is used for beams and façade panels to adjust to the desired curvature of
their target edges resp. faces. It allows a variation of specific curvature parameters
(Table 2). The type and magnitude of curvature indicate how the building part is deformed. This information is decisive when choosing the appropriate profile and material.
Table 2. Parametric correlation of constructive criteria. Tolerances, hinges and deformation may
allow to use identical building parts even for geometrically variable parameter.
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Curvature and deformation of beams. The curvature of curves on a surface (g, kn
and kg) can be regarded as equivalent to the structural deformation of beams (x, y and
z) (Fig. 5), if the following three requirements are fulfilled:
 The beams must initially be straight and then bent elastically, so that their deformation corresponds to their curvature.
 The beams must be curved continuously and follow the smooth design network.
 The profiles must be oriented normal to the surface (along the normal vector).
This relationship allows for a direct analysis of deformation via the curvature radius of
curves in the reference geometry.

Fig. 5. Corresponding parameters of curvature and deformation in a strained gridshell. If the
beams are initially straight and later deformed, align with the network, and are oriented normal
to the design surface, then the geometrical curvature can be considered equivalent to the deformation of beams.
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Analysis of repetition

The theoretical framework formulated in Chapter 2 can be used to analyze repetitive
structures. Any variable geometric parameter must be considered during construction,
either by fabricating individual parts, or by adapting the structure through tolerances,
hinges or deformation. The following two examples show the potential of this analysis
for design, construction and building conservation.

7

3.1

Reticulated dome in Neckarsulm

The reticulated dome in Neckarsulm (Fig. 6), 1989, was designed as an equilateral,
quadrilateral network. The dome, 25.2 m in diameter and 16.5 m in spherical-radius, is
constructed from 1.0 m-long, curved edges and spherical panels. All edge beams are
fabricated identically and follow a geodesic path on the sphere from node to node with
a constant curvature radius of 16.5 m. Similarly, the spherical glass panels have a constant double curvature and could be produced with the same spherical mould (Schober,
2016).

Fig. 6. The reticulated dome in Neckarsulm is semi-discrete network constructed from identical
curved beams and joints, and spherical glass panels.

Review of geometric criteria. The spherical geometry allows for a constant curvature
of faces and edges. The smooth segmentation simplifies the node angles such that α and
γ are zero. The equilateral network however results in a high variation of intersection
angles. A peculiarity of this network is the varying geodesic angle, creating a discrete
progression in-plane, but enabling a vanishing geodesic curvature of edges. This effect
nicly illustrates how node-angle and edge-curvature are reciprocal.

Fig. 7. Left: The values of all parameters are measured in a digital model of the reticulated dome.
Right: Illustration of a joint with intersection angle and geodesic angle.

Review of constructive criteria. The grid structure is assembled from standardized
curved edge-beams. The traversal splice connectors are all identical and adjust to a
varying intersection angle. The edges are connected through one fixed and one long
hole and thus allow for an additional geodesic kink of up to 3°.
Superimposition. Superimposing the geometric and constructive analyses (Table 3)
reveals a high level of repetition of all building parts. The table also supplies a precise
measurement of the angle variation at the joints, and thus delivers valuable information
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about the detailing of hinges. Only one parameter, the outline shape of spherical panels,
had to be fabricated individually.
Table 3. The parametric analysis of the Reticulated Dome reveals the constructive use of hinges
to allow for identical joints. Only the shape outline of spherical glass panes had to be fabricated
individually.
NODE




48 – 90 - 132°
hinge

3.2

0°

0-3°
hinge

EDGE

FACE



l

kn

kg

g

S

K/P

0°

1.0 m

1/16.5 m-1

0

0

variable

r = 16.5 m
spherical

Mulihalle in Mannheim

The Multihalle in Mannheim (Fig. 8), 1974, is one of the first, and till today largest socalled “strained” gridshell which utilized elastic deformation to create a double-curved
lattice structure from straight wooden laths. The uniform grid with 0.5 x 0.5 m edge
length was assembled flat and subsequently pushed up into the desired funicular geometry. The hinged joints adapt to the varying intersection angle (Happold and Liddell,
1975). Geometrically, this method creates a smooth quadrilateral network with constant
edge length. An approximate digital 3D model of the network was created for an exemplary part of the structure. The membrane façade is not considered in this analysis.

Fig. 8. The Multihalle in Mannheim is a strained timber gridshell following an inverted hanging
shape and can be modelled as a smooth equilateral network.

Geometric parameters. The gridshell exhibits the typical geometric properties of a
smooth network, resulting in a simplification of node angles (with exception of the
variable intersection angle), variation of all three edge curvatures, and, in this case,
equilateral edges. Due to the multi-layered structure, additional length-variation of the
outer layers of laths had to be considered.
Constructive Criteria. The multi-layered structure is constructed with long holes, allowing the outer laths to slide and adjust to the varying length. The joints are hinged
around their z-axis allowing an adaptation to the varying intersection angles. The laths
are constructed from slender, double-symmetric profiles allowing a deformation in all
three axes to adapt to the varying curvature kn, kg and g (Fig. 9).
We can calculate the approximate bending normal stress and torsional shear stress
from these maximal curvature values. From our model, we can thus predict maximal
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normal stress of 4,42 kN/cm² for bending around the y-axis, and 3,83 kN/cm² for (sideways) bending around the z-axis, and a shear stress of max. 0,28 kN/cm² due to torsion1.

Fig. 9. The analysis of curvature parameters reveals the specific deformation of lath in relation
to their x, y and z axis. The values depicted here are based on an approximate digital model with
mesh size of 1x1 m.

Superimposition. Apart from the equilateral design, the simplistic detailing of this
complex shape is heavily dependent on constructive strategies. The laths must be constructed from double-symmetric profiles to allow a deformation around all profile axes.
The curvature values can be used to estimate residual bending and torsion stress within
the timber laths, and may be of value in the ongoing restoration process.
Table 4. The parametric analysis of the Multihalle in Mannheim reveals the use of all constructive criteria: tolerances, hinges and deformations. The specific curvature values may be used to
approximate bending and torsion stress.
NODE
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def
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def

-
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-

Morphology of repetition

The theoretical framework can also be used to systematically deduce design solutions
for repetitive structures. The following chapter will first give a systematic overview of
repetitive, smooth networks; the second study will focus on fundamental dependencies
of edge-length and intersection-angle; finally, we will present insights on the curvature
and deformation of edges.

1

The normal bending stress was calculated with the Euler-Bernoulli theory for a 5x5cm timber
lath with E = 1100 kN/cm², Iy = 52,1 cm4 and WY = 20,8 cm4. The shear stress was calculated
with the Saint-Venant theory with G = 69,0 kN/cm², IT = 87,5 cm4 and WT = 26,0 cm4.
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4.1

Deduction of repetitive, smooth networks

Table 5 presents an overview of all possible repetitive, smooth structures, sorted by the
number of repetitive parameters. We focused only on the five edge and node parameters
without considering face geometry, thus creating a chart with only 32 combinations.
Starting with a fully repetitive system, such as a platonic solid, we can “loosen” one
parameter at a time and investigate the possible geometric freedom. Of course, this
reduced parametric chart does not describe all geometric effects, but it renders the possibility to find initial solutions and, subsequently, investigate the behavior of further
parameters. We have added into this table all solutions that we are aware of.
Table 5. Overview of all possible geometric parameter combinations for smooth segmentation,
disregarding face geometry.
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4.2

Dependency of edges and nodes

This inductive experiment investigates smooth networks, and the dependencies of edgelength and intersection angle. The digital method uses a regular flat network and slowly
adjusts its shape to a given target surface, while keeping either l or  (or both) constant.
This gives us the possibility to illustrate a fundamental behavior of quadrilateral, triangular and hexagonal networks (Fig. 10).

Fig. 10. Overview of smooth, quadrilateral, hexagonal and triangular networks with parameter
constraints on l or or both). Blue samples depict a fully repetitive solution on the target surface.
Green samples are valid but display varying edge curvature. Red samples (just like green) are
valid, but do not fulfill our expectations of fairness, due to a “fishernet” effect.
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Reciprocity of equilateral edges and constant nodes. Pulling a regular network onto
a double-curved shape creates distortion. For equilateral networks, this is expressed by
a high variation of mesh angles (illustrated nicely by the spherical and anticlastic quadrilateral samples). Conversely, enforcing a constant mesh angle results in a high variation of edge length (Here the samples tend to align with the principal curvature direction, as can be seen at the quadrilateral rotational and anticlastic sample). Keeping both
mesh angle and edge-length constant results in a geometrically indeterminate solution,
with local “buckling” of edges into an S-shape. We call this a “fisher-net effect” (Fig.
11). Such samples are marked red due to their insufficient fairness.

Fig. 11. Close-up illustration of the fisher-net effect caused by enforcing constant edge length
and mesh angle in smooth segmentations.

Further observations. Triangular networks are least adaptable, as equilateral triangles
naturally constitute regular intersection angles, and vice versa, resulting in non-fair solutions for all but developable surfaces.
Apart from cylindrical networks, the only solution with constant curvature parameters is the hexagonal, equilateral sample on a sphere, as here the non-continuous edges
are free to align with the great circles (geodesics) and thus display constant normal
curvature, and no geodesic torsion or geodesic curvature.
Gaussian footprint. Variable intersection-angles have the ability to adjust an equilateral network to a double curves surface. We conjecture a general correlation of this
angular distortion with a measurement of the Gaussian image.
To draw a comparison, we measured the maximum deviation of intersection angles
of each smooth, quadrilateral, equilateral network, and analyzed their Gaussian image.
Next to the total curvature (TC) and the absolute total curvature (ATC), the area of the
silhouette of the Gaussian image is measured (Fig. 12). We call this value the Gaussian
footprint (GF). It resembles the range of surface orientation.
When comparing the values of the Gaussian image with , we can conclude that the
neither TC nor ATC correspond. The Gaussian footprint GF however correlates to the
measured effects of angular variation and can be used as a general indicator of distortion
for repetitive structures. A more thorough mathematical investigation of this behavior
is a topic for future research.
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Fig. 12. Analysis of the smooth, equilateral, quadrilateral samples, measuring the maximum deviation of intersection angles , as well the total curvature (TC), the absolute total curvature
(ATC) and the Gaussian footprint (GF) of the respective Gaussian image. GF corresponds well
to the measured effect of distortion.

4.3

Curvature and deformation

In our analysis of the Multihalle in Mannheim (3.2) we have seen the potential of elastic
edges to account for varying curvature values. We now seek to find constructive solutions for strained gridshells, which allow the use of lamellas instead of slender rods.
This is possible if at least one of the curvature parameters remains constant (or zero).
Curvature matrix. Similar to Table 5 we generate an overview of combinatorics for
smooth repetitive networks, and deduce six possible solutions for strained networks
with either one, or two repetitive curvature parameters. Constraining two curvature parameters leads to restriction of both shapes and networks, allowing only for planar,
hypar or spherical shapes. However, constraining only one curvature opens up more
design possibilities, with a restriction on networks (geodesic, principle curvature and
asymptotic), but freedom of shape (Fig. 13).
Table 6. Matrix for networks with repetitive curvature parameters (kn, kg, g). The curvature is either constant null
(‘0’) or variable. We intend to elastically deform the lamellas
to validate the variable curvature parameter(s) and construct
respective strained gridshells.

kn

kg

g

0
0

0

def
0
0

def
def
def
0

def
0
def
0
def

0
def
def

Strained lamella gridshells. Based on this matrix we constructed six lamella structures, displaying not only the design spectrum, but also their constructive possibilities.
In particular, the use of asymptotic curves has proven advantageous, as such networks
can be constructed from straight lamellas, with profiles oriented upright to the surface,
which allows for local loads to be transferred via their strong axis (Fig. 13 bottom right).
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Fig. 13. Matrix of six possible repetitive structures creating one or two constant curvature parameters. This allows the construction of strained gridshells using mostly straight lamellas..

Asymptotic gridshells. As an outcome of this research, the structural and geometrical
properties of asymptotic gridshells have been investigated in more detail, which led to
first design studies, the construction of the first asymptotic lamella prototypes and finally a strained gridshell, the Inside/Out Pavilion in 2017 at the Technical University
of Munich (Schling et al 2017). The new construction system has since been implemented at universities around the world and has recently received its first commission
for the canopy of the Intergroup Hotel in Ingolstadt.
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Fig. 14. Asymptotic Gridshells in Academia and Practice: Top row: First design study by Denis
Hitrec and Eike Schling (TUM, 2016). Second row: First prototypes in timber and steel (TUM,
2016). Third row: Inside\Out Pavilion at the TUM Stammgelände in Munich (completed 2017).
Fourth row: Workshop at Chalmers University in Gothenbourg 2018 (left) and competition entry
for the Burning Man Festival 2019 (University of Westminster) (right). Bottom row: First commercial project: Canopy for the Intergroup Hotel in Ingolstadt. Design and construction 2019
(Schling, Schikore with Brandl Steel Construction).
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Conclusion

This paper investigates double-curved grid structures with repetitive parameters. For
this purpose, a holistic theory of repetitive structures was established considering both
geometric and constructive criteria.
This theory was used to analyze two existing structures, the reticulated dome in
Neckarsulm and the Multihalle in Mannheim. This allows us to pinpoint variation in a
complex network, define the detailing of joints and even estimate expected stress within
a strained gridshell.
This systematic analysis of parameters is further applied to deduce an overview of
all possible smooth repetitive networks. In further studies, we first present fundamental
dependencies of edge-length and intersection-angle within smooth networks and propose a new indicator, the Gaussian footprint, to predict network distortion. Our second
study focuses on the three parameters of edge curvature, and creates a matrix of constructional solutions for strained lamella structures.
Especially the geometrical properties of asymptotic curves show great potential for
the construction of strained gridshells. Since its first publication (Schling and Barthel
2017) several academic and commercial structures have implemented this new design
method and verified the practical benefits of this repetitive structure.
The findings in this paper bridge the gap between theory and practice, between geometry and mechanics, and allow us to understand how repetition effects form and
structure. Furthermore, this systematic approach enables us to discover novel design
solutions. The controlled use of elastic deformation shows great potential for designing
strained gridshells, simplifying their fabrication and predicting their residual stresses,
with numerous applications in academia and practice.
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